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S.a c

Pref, fe

Coodness-of-fit tests are developed for the rjamrna dis-

L.r ihkut.iori when the scale arnd location lizrameters are unspec-

i I iL; . iu L lie L-:t i 11ated f ro(i the sa,,iIle data. Tie

',liio irov.' r~jrno, Came-vo miesandArderson-Darling f

.ti.Li~ic r d usod to jevelo,) the tables. Acomprehensive

pu1 .t-v :;tutly is conducted to comapare the Kolmoqorov-Smirnov,

Cr41.cer-vofl ;-1::e3# and Ajidrson-Darlin~j g:oodness-of-fit

test-;. i-.i ij.alysis is performaed to deteri:iine the functional

ul-ionLtLij between tne critical values and the shape
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A Lst rct

Tihe A nierson-D arl1 miq, Cr a ier-von ~*ises, and(- thc

! olionorov-S.iirnov '7-tetistics are usec' to devulo:' P, now test:

of fit for L~i t!rreo-,:ara.-,eter -yinmc &"istribution wit"I

unknown sihap c;w6 location -arar.eters. "Che critical values

gneratt.c; ,hero obtziine-d, by a i~n~Carlo ; ,roc.2dure. I- or

e a c, v 1uo a t rn ( s;.Ie si 4-e),5--t s a~11u its i*;ere drar.n

frot.,. a jz ta~ulCo w'iiosa shalpe is siec if ied. T I Ie

location an( scale .,roi:.cters are Lasti.-ia-teJ, fromi the data,

an, t;.:- ti 6 rec statistics are calculatc-d )oe, on thc esti-

mated distribution. The simulation was, preformed for sai-. 1Je

sizas n S 5±tl... 3(4- and sha~ 1-arauietprs, : 5 7r

isinyj gammna distributions for siia:,e ccual to 1.5 and

't~,the i~ower of each test is investigat:ed ag~ainst ten

alternative cistributions for savi;'le sizes n S 5, 15, and

30. In general both the \nderson-Darling and the Cramer-von

!,ises. tests are more powerful than the ''o1rogorov-Sinirncv

test. Excevt for the case whiere the altLernative di stri Lu-

Lion is~ lc-Jrr:' al, ttie Crainir-voi. ;1,ises test is the iniost

iowerful test.

'.'he functiona~l reliticnisliip bctween tne critical vaIlues

of the Anderson-Earlin,., Craier-von 'uises, and X<oli,ogorov-

Smirnov is also exaiiinad. 1\ critical value for a ij)
4-C

* paraiiieter between 1.5 and -~which is not included in t~ie-

relationship.

xi



5 A ;AUDIED Li) tOLmiGGOkOV-SP IR(NOV, CkAM~ER-

VMi4 m~ISiS ANE, AN[WR5014I-DARLING TEST

ei Ok Tlii (CAM~MA DI STRILA0iION 1-;ITh

LJNRNO1Mq LOCA'iION AND SCALF:

1 . Introuction

Curren~tly the U.S. Air Force is placing~ m~ore and more

N eimipasis on systeim, availability, wiaintainability,' and reli-

ability, both in research and development and in day to day

operations. Of4 particular importance to the Air Force is

the atbility to predict time-to-failure of equipment.

.tudies ini probability and statistics have increased under-

* -standirU ot S-Oie Key probability distributions used in pre-

dictin; tirve-to-f a ilure. Among the most commonly used

coritirnuou . distributions in this area are the beta, gamma,

exPoniriunial, 'eihull, and logjnormal distributions.

utt,21 il, Lhese studies, analysts are confronted with

the probltem of testing agreement between probability theory

and ictu 41 observat ions. In other words, given n observa-

tions of soize variable, say ti ime-to-f ai lure, the problem is

Lo tind out it it can be recjarded as a random variable

fizcvinj a cji'v'GJ probability distrib~ution. The general

ai-p~ruucl to tke solution of this pjrobleia is known as the

yoodie~;-uftutst. In more precise terms let x 'x 2 .x~

be it ran,_Aoti :iatmole. Then a stateiient of the joodness-of-fit

* test i.:



H A: lI(X) v, W~1 x

where ix) is the actual distribution function of x and

11,,(x) is the hypothesized distribution function.

2



a kroun d

Yewo co~imunl1y used 9 oodne ss-o f- f it te st s a re the Ch ii-

-;.,uare ttest aind the Kolrioyorov-Sinirnov test. The Chi-sqjuare

te-It cottilret; observed frequkencies with exi.ected frequencies

ot tHLu JLyottiesiized distribution. It is restricted to lar-jo

1,. 1L;L-..Jrxmt 25 or gjreater (:1:73). The K\oliiocjorov-

..uiirnov (-)tuSL c0Lmparces cui,iulative trequencies between

Ihe ZCLucal ~~l ujiiw - a step function, agdiinst orrespond-

in ..i~~~usin~j tin(- hypothiesized cuildulativu distribution

junction. Oiie I(-S test can be used [or laryc or small

tdifijlLS; ihovvever, it is restricted to distributions which

kj illy sj:peci1ied. Ii. N1. Lilliefors developed a goodness-

ot-l1i t test Cor the norwal (19), and exponent ial d istr ibu-

t iu o2~ ia .ji ich can Ibv used for s~ia 11 samples where thle

~.~r~etersiust be estii mated f rom the sai.iple data. lvhen

~uri~cer5are estimated froii saiipic data, the test is said

to !,L a modified test.

I-ollowini1 Lilliefors' technijue, several other modified

tLe:,Ls have been documented. u. Cortes developed a mrodi fied

:ul ~J(Jv!.,ri~vLest for thle three-paramtner Vveibull and

*joVInlaa diLstributions (5). J. Bush expanded the .joodness-of-

lit te!SLt or ue t'.ibull to include tile i,oditied Crafier-von

S V:; i. ti~d .%riuerson-Iarlinj ( 2) tu.;tsI (30i). The modi-

Lie(, ..uiiujuruv- b3i-oirnuv, Cr~;dier-von *l1.e, nu Anderson-

;,cirlii i tu.-L_5 have also been done for thie uni form, normall ,

La 1.,x~L:., Lcx, oirientiu 1 and Cauviiy rdi~tr iiutions (11). In 1973

*.n, cictier , and iLerticjJrc!.ijneuI two new tcest statistics

3



*called the L andI S statistics. The L and S test statistics

were used to develop a goodness-of-fit test for the two

paraiieer eibll ithunkownparameters (22).

In l1"l , outrouvelis and rKellerraeier introduced a

coodncss-of-fit test based on the empirical chacteristic

function -when the parameters maust be estimated (17). This

tust statistic could be used as an alternative to the F:DFE

statistic if the characteristic function is more easily

ut LeCrmint.:,, than the distribution function.

tEhm irical iistribution Function *Stcatistics

A jererzal class of statistics used for the goodness-of-

lit tLeStS is called empirical distribution function (LDF)

statistics. wistorically EMDi statistics have been used in

cases where the parameters are either known or unknown. In

mrost instances EDF' statistics are easily calculated and are

competitivu in termns of power. This class ot statistics is

base] on a cosmparison between the cumulative distribution

function, F(x), and the empirical cumulative distribution

Eunction ,;,(X) defined as

no. of x
Sn W = --

n()

'he test procedure is summarized as follows: given a sample

Lrm somum jopulation, the ! DI te!sts, rejo~ct i(,:F(x)= (x

wheni the ditterence between i,,1,(x) and Sn(x) is largje. liere

L.*,(x) iLi tku hylpothusized distribution. In jeneral, EOF

tests are valid when the distribution is fully specified.

* iouwevur, 11ivid and Johnson showed that the aistrioution oi

4



S,'an L. statistic depends only on the functional form of the

distribution and not on the unknown parameters when the

estin: ated parameters are location and scale (6). It is this

principle that permits us to generate valid critical value

tables for the gaim ,a distribution which dePend only on the

shape pjarar:ieter and sample size.

It is imL portant to note that this thesis uses a modi-

fied form of the EDF statistic, because the cumulative

distriuution is not fully specified. An estimated distribu-

tion function is used whose parameters are derived from the

observed sa,.Iple.
£2_. 5"_ojorov-S-.iirnov Statistic

.The Kolnogorov-Smirnov (K-S) statistic is defined as

the absolute value of the difference between F(x) and Sn(x)

or,

,'.D = I F(x) S Sn l -~ (2)

In usinj the K-.; statistic for the goodness-of-fit test, we

are intcerested in the greatest absolute difference between

i(x) and I;n(x) (2). Therefore the test statistic is

sP IFl(X)-Sn(X)I (3)

h'e Amderson-Darlinrj Statistic

It i:; known that goodness-of-fit tests which use actual

observation:; without grouping are sensitive to discrepancies

at thu tails of the distribution rather than near the nedian

(1!:2). The Anderson-Darling test statistic overcomes this

problemm by accentuating the values of Sn(X) - F(x) where the

"- test statisLic is desired to have sensitivity. More

5



specifically, tne Anderson-Darling statistic is based on a

weighted average of the squared discrepancy, (i.e. [Sn(x) -

F (x)1 2 weijhted by *(F(x)) or

An2 = nf[Sn(xl-F(xl]2 (4)Fx) dF(x) (4)

where

* (;(x)) = [F(x) " (1-F(x))] 1 . (5)

Using the computational form

n
An -n - . E12j-l)[in F(xj) + in (l-Fnj+l)], (6),. n j=1

the test procedure is as follows:

1) Let Xl<X 2 <_..._Xn be n observations in the sample.

2) Coi~q.ut : An2

3) If An 2 is too large, the hypothesis is to be rejected.

The Cramfur-von Mises statistic

The Cramiier-von mises statistic is a special case of the

A 2 with ['(x)] = 1 and is written asii
Sn2 = M (X) - F(x)] 2 dx. (7)

This test procedure is the same as outlined for the

Anderson-Darling goodness-of-fit test (26). The computa-

tiurnal form used in this case would be

n
V[i x ) = 21 (8).. 'n2 12n j=l 2n

!i L, ~~robl1em,___/ ;ta tement

Few joodness-of-fit tests are available to perform on

sample data when the parameters of the distribution are not

known. As mentioned earlier, Lilliefors developed a test

" for thu unspecified exponential and normal. Also, bush

6
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. -. generated a set of critical values for the Weibull with

unspecified scale and location parameters (3). There still

exists the need to develop a valid goodness-of-fit test for

the janiia density function when the scale and location

paraieturs are unknown.

The purlpuse of this research is to develop a goodness-

of -fit test for the 3 parameter gamma when the scale and

location parameters must be estimated from the sample data.

This involves generating a table of critical values based on

the sample size and the shape parameter. The accuracy of

the critical values must be sufficient enough so that data,

sai. pled from other populations are rejected.

.,I c tives

This thesis has the following objectives:

1) iTo generate and document the Anderson-Darling, Cramer-

von ,.ises, and the Kolmogorov-Sirnov rejection tables

[or time three paramqter gaitima distribution where the

.calu and location parameters are unknown.

2) To conduct a power comparison between the Anderson-

iarlij., Cramer-von Mises, and Kolmogorov-Smirnov

goodness-ot-fit tests.

3) To investigate the possibilities of a functional

4| relationship between the shape parameter and the

critical vdlues in objective one.

7
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: I• The , Di;tribution

i'lhe jan.,u density function is usefuil in reliability and

,: d, intainability theory. It also has ap.plications in the

natural .;ciences. If the randoi. variable x is jwuia distri-

buted tinun the probability density furction taKes the form:

f(x) = (( <(ex (X)), (9)
r(K) e

", , > 0; x> c > .

" .'iece are three parameters which Lipecify the gamma. 0 is

thu scale -;araiieter; K is the shape parahieter, and c, the

lucation pardieter.

Thu cort ;lexity and versatility of the jamia distribu-

tioo can ou observed by examininyj the graphs of the distri-

5ution for vairious; values of the shape and scale paraneters.

k itj re 1, show:i jrapjhs of the standardized gawma (i.e., c-0,

=I) tor and 5 (7:370i). isVhen <=1, the gamma is

the exponential. Also, it is interestinj to note that when

is l;. thmi one, the jamma closely resetitbles the exponen-

t i, .1 i~ Ar i but io||.

,..Lu, 1 ijure lb shows that for larje K (K=5f), the

a r0!;C!.Ilcl..s the norral distribution. eigure 2 illus-

I. rd tii intIluIcr e of on tir -jr dh of tnc jaAi.ma. here

w(. UL -=. n =2 aria s~etci the cjraj~hs fot 0 =1/3, 1/2, 1

a, ;.' (7:371).
i.
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"A ),lication ot the Gamma Vensit Function

The 'Jalilbaa distribution is otten used in reliability

theory to represent the distribution of the time between

lailures of a system. Assume, for example, that a system is

*;ade up ot r coiiponents, all of which must fail for the

-, - system to fail. furthermore, assume that the time to fail-

ure x i of each component is independent and exponentially

distLriuteS. Then the time to system failure Y =X 1 + X2 +

+ Xr is jamma distributed (7:369).

In clueueing theory, the random variable T follows a

juo!lia distribution, where T = X + X 2 + ... X is the total

ti.,e to -service K customers assuming that the time of

service of each customer is independent and exponentially

* distributed.

Tije twio cases described can be modeled as a special

c 0Z 01 theL! jamma known as the Erlanj distribution and

uxi.re:;sud as:

Kf (t) t ) .tK-I e-_ t' t>0. (I(;)

A random variable having a ygannia distribution has also

t,een used to represent or measure the occurrence of physical

"liino meii . [-or examiple, Slack and ,rubein (1955)

"(d,:eonstrat:d that the mean value x of radioactivity (alpha
ric~le per Linute) witrin a sample of Pennsylvania shale

followe,j a ..,waistrihution (7:37(0).

4"
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Tfhis chapter presents the Monte Carlo simulation proce-

dure used in jenerating the critical value tables for the

rioJ i fied :"oliiojorov-Smirnov, Crarier-von ivises, and Anderson-

;i r I iii~j t uiL:;. The L)rocL'duru 1:S outi inc~ L.;in~J the flowi

citir t in I- iju re 3. Secondly, an outl ine of the power coin-

pari1 on aimonlj the thrue tgoodness-of-f it tebts is given.

Thirdly, a discussion of the analysis of the functional

relationship between the shape parameter and critical values

is presenteo for each of the test statistics.

i-ionLtC Carlo Simnulation Procedure

The followingj procedure is used to yenerate the criti-

cal value tables for the modified goodness-of-fit tests. As

weuntioned earlier Figure 3 presents these steps in flow

chart formiat.

1) For a fixed sample size n and tixed shape paramieter ;

n standard randood gamma deviates are generated using a

computur subroutine. The standard gammna deviates are

converted to random deviates with location parameter C

I,;~ and scale parameter 0= 1.

2) The ni randomr deviates are ordered, x ( 1 )' X( 2 )1

X(n

43) Th'le ordlered random deviates are used to

eLtiiiate the maximuai likelihood scale and

location parameters.

a 12



ST~AR T

Generate Random Step 1
.;ammca leviates

Order iandom Step 2
Ca6%i; a ;Jeviates

E'stimate Location Step 3
and Scale Parameter

Determaine Hypothesized Step 4,:- Distribution Function F(x)

o 0 Calculate A2 , W2 or Step 5
: I1*.-,S Statistic

.eteriaine the 80th, Step 6
:-.-3 5th, 90Jth, 95th

aaij v.bth iercentilu

LW

FIG 3. Flow chart
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4) The eLtimated scale and location parameters and fixed

.Shape parameter are used to deterj:iine the hypothesized

distribution function F(x).

5) The test statistic is calculated using equations three,

six, and eight, for the modified 1"olriojorov-Smirnov,

Anderson-Darling, and Cramer-von iiises tests respec-

tively.

6) tepA s one through five are repeated 5000 times.-

7) 'i'he value of each statistic are ordered in ascending

or, er and the 80th, 85th, 90th, 95th and 99th percen-

tiles are used as the critical values of the test.

IteneratiorL of the Three Parameter Gamma Deviates

ior the gamma distribution function, there is no closed

forsj,, for which we could obtain an inverse; however algo-

ritL, is are available which can be used to generate random

garluaa dleviates. The IMiSL subroutine GGjvtAR is used to gener-

a e standard ganma deviates in this thesis. These standard

duviate; are converted to deviates having location C = 10

and scale 0= 1. This is done by using tne transformation

z = " x + C ()

where x represents a standard random deviate. This trans-

oriat ion i nade to avoid a problem with the parameter

L!;ti;ating routine. Further discussion on this matter is

prosented iik tne following section.

,"a.<1imu;d lLikulihood Lstimates for the Gaiimia 1,arameters

ihe procedure used to calculate the maximum likelihood

es ti.ctes Lor jamma parameters was developed by Harter and

14



Moore (12). Their analysis involves the derivation of the

maximum likelihood estimators and includes an iterative

method for solving the simultaneous equations. To derive

the 1aaximum likelihood e'.uations we begin with the jamma

density function with location parabieter C>_, scale param-

uter 9 , anu sha,e i:arameter K:
i:-.[(xc, Ohl) = 1 "A-c k- u x _f- _c

.f- x , -x, (12)

KTlie l iilinood function of the order statistics xl, X2,..xn

ot a l of size n is

L 1 )n lt 'k-1 exp x=1 (13)

.e wisih to Iind the values of 9, K, and C which riaximize L.

Irv Thi-; is done by taking the natural 1',garithm of L, and

sutting tlhe ,aLtial derivatives with respect to the three

pa,iiraeters ceIual to zero and solving the three simultaneous

equations. Tfe partial derivatives are shown here:

::: i ,L n, k x i- c.'r-L . "k + - (14)

i=l 09

c)in L n
. -nln9 + ln(xi-c)_ n "A-K) 1 (15)

-. i=l

"-1-nT = (l ) (xi-c)-' + n i,
* (1-K) + n1(

IL s3tould be noted that because ol a limitation of the

hart-r an(,+ ";oore subroutine, it is not possihle to estimate

) . tilL iaramiet ers when tne -gamma deviates are ,jenera'Led with

location C = 0:. In the event that gamma deviates are

15(



generated with C o ~, it is poss~ible to obtain negative

estimates for the parameters. The subroutine imaps these

negative estimates onto zero. Thus, C' ind *will not retain

the invariant property which is needed for these tests to be

V'11idj. In addition, the iterative techniqjue used in the

iarter and [foore subroutine does not work for the special

case whien the shape paraimiter is set to one. because the

caiais aim exponential ditribtion when the shape param-

etur is e. 1 ual to one, we can use the tm,'&ximum likelihood

estim~ators of the location and scale pjarai~ieters for the

ux1 orintil. ierefore, setting K eqjual to one and solving

uutions 13 anid 1'&: we obtain

C = (17)

anu

e=A Xi * - 1) (18)

-erivi the iyothesized Distribution lFunction F (x)

Th~e jidaximuia likelihood estimnates for the location and

scal I raiiw-rs and the fie hpeprntr deter ineI

Wx. Obtainincj a numerical value f or Fix) req4uires an

inteLjrai calculation; this calculatioii was done using the

1;i.';L suhroutine MiDCAM (13). ivDGAM calculates time probabil-

iLy tliat a railoni variable x from a standard 'jamma distribu-

to(i.c., C banid O= 1) is less tnan or equal to x. 'I'o

t r"An;iori t.-ic -!Viates, yi, trom a joneral ized gamiira di stri-

buit jog, i nt-o !tandari yamiiia deviates we use

4 aC



The details ol this transforimation are provided in Cortes

• (5: 17).

Poa.r C ci,;. l [ ition

von uIsen, d t.nderson-Dar]inj tests -ire compared for ten

alternative distrioutions. Sauiiples of sizes equal to five,

15, ,i nc 25 are drawn from tte followirt selected

.1i st r i h, t ions :

1) G , shiape equals 1.5

2) Gauunia, shape equals 2.5

3) Gawwa, snape equals 4.0

4) .cibull, shape equals 2.0

') ,ci,uIu , share equals 3.1'

C.) [jorial (10{,1)

7) beta (j = i, q 2)

P) b!eta (j, = 2, q = 2)
%.I 9) Lo-jnorcial (, I , w 0 )

lo() Lojnormal ()- 2, w 0)

Thezcs, distributions are tested according to:

- .;: The samjle variates follow a gamiia distribution

havinj shape parameter K.

.. ,, The samaple variates follow some other distribution.

'lie 1,owt-r i nvustijation was conducted under two null hypoth-

"z-eb, one tor shape parameter, : 1.5, the othur for shape

L. ..cL.r, r: = 4.r0 .  h rac n ot.: devi,tes for the above
,iLurnative distributions were enerated using IMSL

sulroutiins.

17
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Tihe lojnor,4al density tunction is written as

1- Iin. x-w ] 2x x ( [), (>O (20 )t (x) ... L. ex, p- I2.~Z),((

1= otherwise.

I id j i., ill u,Lz,.t in [ijuy es 4a, aiv! lb for the ,arameters

p W -j. JiVn above.

, n.ull .cnsity unction is

x ): X S) I ex1 , ]K , 9 >( C. x (21), exi 0

= otherwise.

and i,; shown in liyures 5a and 5b.

'ihleta density function is expressed as

f~) £~)xpll-x),i-, l:<X<l (22)

= 0, otherwise.

arn,, iLt jra i.1 for the two cases of interes;t, is presented in

I i,,Ur C )d and Cb.

, (r each oL the Saimple Si;es 11eritioned above, five

thou~A~ni ~~uAL l;CL ets were generated tor the alternative

ui~triuUciu . The location and scale !arametert are calcu-

-l ,ed rmer the null hyp othesis and tlie three test statis-

Lic, ]:-.;, A 2 I and N2 arv evaluated. ilhe value of these

stiLizLi-'S aL% cum|pared to tne critical values derived in

S tIhi t;i,:ii:.. IL the value of the statLitic is greater than

the critic ,l value, the iiull hipothesis is rejected. The

11
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Fl (G 4 a Lo~jnorinal FIG 4b. Lognormal
w 0. p=1 w0. p=2.

I- 12i 5a. Ueibul1, K =3. 5T 9b. Iveibu11, K =2.11.

1. C=0. ei 0.
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total number of rejections are counted. The power is the

total number of rejections divided by the number of trials,

Determininj the Critical Values

t. repjeatiny steps one throujh five 5[0 tiles as shown

in thu flow chart in Figure 7, 50 .,[ vAlucs for K-S, A 2 , and

1 2 trt calculated. These critical values are ordered and

the 83jth, 85ti, 90th, 95th, and 99th percentile are used as

Lhe criticaL values of tne tests.

''hlu voiraLditer pro~jrams used in this thiesis are Presented

in iqA enrdix C.

21



IV. Use of Tables

In this cha[pter a set of steps is jiven which is used

to jperfurk~ii z;joodness-of-fit test by appjlyingJ any of thle

LlhrLu c te:.ts eveloped in tiiis thesis. Als~o, an example

i1Lustr-tiCiutAj Andersun-!,-:rlinj LesL is presented.

Thu.. lolow~in~j steps are use(d to j erforii a goodness-of-

L tet:

1)i)eteri~iine tile shalpe paraireter, 1K, and the desired level

2) 1 rw~i thu d-ata to be tusted, calculate tile i~iax imum

I iK e Iihood est ima to rs f or the location and so-ale

3) L'roit the ai,;rapriate- table, select the critical value,

dcorrespondin(I to a ,the sample size n, and shiaje

4) JUi~-j the !w.x1ilauj~ likelihood estif-1-ators, determine tile

es3timated hypothesized distribution, arid use equation

tlirveu, six, or eiyjht to calculate the !oliaocorov-

.nirrnov, Anderson-Darling, or Crari-r-von Nises test

,itatis;tic respectively.

It) [Like value obtained in step fuur is jreater than tile,

critical value tound in ster) three, then reject tile

kL1.o~~sicd is-tribution. IL it is siiialler than thle

critical value, ttlen thu hly~otihesizudI distribution can

nlot, &LCuCteJ.

22
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The time between failures of a particular subsystenm of

a radar system is believed to be distributed according to a

.jaitia distribution with shae parameter equal to 3.0. A

test .cimineer recorded the following tii;es between failures

o0 that sub!;ystem: 11.1, I(0.6, 10.4, 13.0, 1 1.3, 10.5,

1t.C, II:.9, i0.(, 10.8 days.

,. rioditeid AnderSon-Darling test at a .05 level of

Ss ijri i i'alice is performed usint4 the critic.uI values in this

triesi;. The proulem can be stated as a test of hypothusis,

tlat is,

i U: The distribution is gamma (shape = 3.0).

iA: The sawple comes from another distribution.

Lirst, tie level of significance a, and shape parameter K,

have been ,deteriained to be .05 and 3.o0 respectively.

er;UI', Lh tiiaxlmuiI likelihood estiinators calculated usiny

the Htarter ard ',oore subroutine are C = 9.319 znd 9 = .U2(.

reuxt, th. critical value from Table XXVI is .8415. The

hiypothesized distribution is completely deterwined by the

tiXUL.' snape paramieter and the estimated location and scale

.aramuters; these values are presented in Table I. The

value oi: the Anderson-Darling statistic is A2 = 1.7342.

,incc 1.7342 is (jruater than .""415, the null hypothesis is

roj-ected. Therefore, the conclusion is that the sampjle of

tiiiu betweoun failures comes from soie othier distrLC 'ion.

23
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i t x L(x)

1 10.4 .153
2 10.5 .163
3 i1.6 .203
4 10.6 .211
5 10.8 .269
6 10 . 9 .3 0
7 11.1 .384
6 11.3 .432
9 13.0 .822

l0 18.6 .999

42
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V. Discussion oL the i<esults-

Tkiis chapter presents the results obtained with respect to

the objectives stated in chapter 1. These objectives were to

develop modified Kolm~oorov-Smirnov, iAnderson-uarling, and

Cr,-Iite[-VOn i-isus tes~ts for the qartm&wz ans,' coiiipare their

o w ers. Also included was an investigation of the relation-

si ji Luctwien tie cri tical values of each test and he

pa raw.et !r s. Included with these results is a report on the

val1 'latioii of the coni,,uter progjrams used in this thesis.

ire :;Ltc.Lrion of ttue I~ln~rvSnroCramer-von Mises,

andi Aneron-jrin Tables of Critical Values

The tables of critical values for tthe modified K-S, A2 ,

aa * 2 tust , are presented in Append ices A, 6, and C,

'-Alil theu Slape paraitetur is fixed, both the K-S3 and A2

critic.,il values are decreasing as the sai~iple size increases.

Tile rate- UL dlecrease is siialler as n increases; this is an

ir~dic'atiori that the critical values appear to be convergingj

for larcju siml szs The Cram-,er-von :iises critical

values, ol 'lhe other hand, are increasing with respect to

thte saii, 1 le size. Again, the rate of increase is smaller for

LaIr~1er valties of n, indicating that the critical values are

convor jiIn tor ]care sam-,ple sizes.

ILt shouldib notedJ that becauIsO the critical values are

Je.r ivc>i LIiruj~jli Monte Carlo imul at ions, the values are iiot

error frue and toat ttic,aimount of error decreasus as the

nui,,&ur o1 Lriu.1s increases (25). The 5000, repetitions used

25
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in this thesis was a practical compromise based on computer

time required and accuracy desired.

L£- Luter L) h Validation

he computer trograis are verified by generating crit-

ical values for the exponential distribution with unknown

Wean. 'hi.; is done by generatiny gamma deviates with shape

[arameter equal to one, fixing the location parameter at

sume arbitrary value, and estimating only the scale

parameter

'I'le critical values are calculated for sample sizes n =

5, lo, 2U, and 30. The critical values from the Anderson-

Darlinj and Cramer-von Piises statistics are modified using

expressions (23) and (24) derived by Stephens (27):

~A 2  (1 + 1 5 _ 5)(23)
n n2

'IN2 1i + ._-1 ). (24)
n

*T1i e comiuted critical values are compared to those

calculated by Stephens (27) for significance levels .15,

S'hiie critical values calculated for the Kolmogorov-Smirnov

statistic for the exponential are compared ditectly to those

c(erivuld by Lilli',fors (2 ). The critical values which are

derived from the programs in this thesis are presented in

Ti,le IV and can be corompared to Lilliefors results in Table

IV .

''ic critical values for the Kolmogorov-Swirnov statis-

tic cumipared very well to thi. Lilliefors values. The

26



crainer-von miesW

2(1 + .16/n) Stephen'S
1-x ICr itical

n= r=l(j n=20 f iz30 values

S .42.149 .148 .1523 .149
.177 .7 .174 .17,r .171

.5 .22C .21 .221 .221 .224

.9 .341 .332 .335 .325 .337

i\nd(rson-Darlirvlj A~

I~ ( + 1 .5/n - 5/n-) St e Ph en s
1-x:- Critical

nn= I n=20 n=3.I Values

.41.992 .5 61.922

(5 1 ."17 1. 3 81 1.37G 1.372 1.341

0 2.7t; 2.219 2.077 1.974 1.957
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TABLE IV

i Kolmogorov-Snirnov
-__Thesis Critical Values

1- n=5 n= 1 n=20 n=30

.85 .378 .276 .19.) .166
.401 .295 .214 .178

5 .447 .328 .235 .193

.99 .531 .384 .27t; .232

TA uL L V

Kolmogorov-Smirnov K-S
Lilliefors Critical Values

I- n= 5 n=lf) n=20i n=30

k.5 .382 .277 .199 .164
.9'r .4C6 .295 .212 .174
.95 .442 .325 .234 .192

.99 .5o4 .3803 .278 .226
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jreatest deviation occurs for n = 5 at significan'ce level

.0l. The Cramer-von Mises values generated are very close

to Stephens values with the greatest deviation being 3.6%

for n = 3(o and significance level at .0I. There was also a

ood matcl between the Anderson-Darlin,. values, with ilost

:.eviations 1,etween 3% ant 4%; however the 'jreatest deviation

i 13.4, tor n i0 and signiticance level .il.

v'ower .Irivest i.jat ion

,m power coij. arison is made between the iKolmogorov-

Sinirriov, i\nder son-Darling, and Cramer-von Plises goodness-of-

fit t*.x ts cieveloped in this thesis. The gamma distribution

4ith sha~ie parameters equal to 1.5 and 4.0 were both used

against the alternative distributions listed in chapter III.

5).,a l sizes five, 15, and 25 were used in the power studies

at botil an a-level of .0,5 and .01.

T'ah1,es VI through XIII show the results of the power

co,;j.ar i:tons tor a-levels .05 and .(I. 'hen the null hypotl-

esis is truu, the power meets the claimed level of signifi-

canc,_ to the second decimal place in most cases. For all

test-i tiie power is low for sample sizes equal to five. In

tact, in ;,iost cases for n = 5 the power is nearly equal to

the s -jnificance of the test, indicating that the goodness-

of-tit test has no practical use for very snall sample

. z e- s.

Iii nuerly all cases, the power:; of the Cramer-von Mises

and/or ,nuersor,-Darlinq are qreater than Kolmogorov-Smirnov

test!;. Fased on this study, the lattLr test would not be

29
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used as lo 9j as tihe first two are available. An examination

.1of Tables VI through XIII reveals that for both levels of

sijnificance, the Cramer-von Mises test is more powerful

*}. than the Anderson-Darling test. The only exception to the

previous stitement occurs when the alternative distribution

is lo -noraal.

K' 'Y'he following observations are macde concerning the

power of both the Cramer-von Mises and Anderson-Darling

t~tSt when samlle sizes are either 15 or 25:

1) It the null hypothesis is a gamna with shalpe equal

to ].5, the i,ower is high acjainst all alternative distribu-

tio ns exceopt 1or another yamma. The tests are especially

hijni a:ainst the lojnormal distribution.

2) Nhen the null hypothesis is the yamoa with shape

ejual to four, the power is hi9h ajainst the lognormal and

normal distributions. The power is not qu te so high

ajairist the beta. Agjainst the other yaminas and the VWeibul]

witit shipze ekual to two, the power is low, even when the

sa , 1,le size is 25.

F<lation shi between Critical Values and Shape Parameters

An investigjation of the relationship between the shape

L, drz,,uter and the Kolmogorov-Smirnov, Anderson-Darl-ing, and

(Cra;,,r-von mises critical values is summarized in this sec-

tion. Cor each test statistic, the shape parameter versus

critical values are plotted. These grallis are presented in

-A-Lpp.iiix P for the K-S, Appendix E for A 2 , and Appendix F

- for th '.' critical values. The 9rajihs of all the test

K:,. 44



statistics appear to exhibit a common and consistent behav-

ior. This consistent behavior observed from the graphical

roi)rusentations can be suLinaed up as follows:

1) For all test statistics, the relationship of crit-

ical values as a function of shape is always decreasing for

shai-u -jreater than one; this decrease' appears to be an

inverse relationship.

2) T'he graphs of the Anderson-Darling critical values

al. .ys show an increase as the shape increases from .5 to

3) ThIe loliltogorov-Smirnov and Cramer-von Mises crit-

ical values increase or decrease, as the shape varies from

.5 to l. I, ciependinq on the sc.:iile size.

/ regression analysis is perforoed to determine the

furwntional relationship between the critical values and

shape Iaratmetcrs, as suggested by the yzaiphs. The study

inludus values for the shape between 1.5 and 4.0). Shape

it r4:,eters leiss than 1.5 are not considered in the regres-

,:sion c.,,alysis because a different estimating technicue was

U-,vu to calculate the critical values for the gamiaa when

I1hua,- iS u ual to one. In addition, more information is

nredud about the behavior of the function between .5 and 1.5

* for all test statistics.

"el exj.ru-;sion which best re ,resents the relationship

lor ll te:,t statistics is

C = aV, + a 1 ( I / K

S, tti. AUI,.bCK whic measured the amount of variation

a4



ill all case'i. This expression can bie used to find the

critical value corresponding to shar-e parameters between 1.5

and 4.0, riot found in the tables in hppend ices A, E3, and C.

'±heretore, a test of hypothesis can be 1,erformed for the

null hypothesis beiny, Lor examnplu, a cjami.-a distribution

haviiivj sflape equal to 2.75.

The vi.lue of i 2 and coefficients a0 and a1 are re-

cordod in Tables XIV, XV, and XVI, for the 1K-S, A2 , and.2

criLiCal value!.; respectively.

I4



VI. Conclusions and Recoiienda tions

Conrc I us ion s

based on results obtained in tnis thiesis, the following

conclusions are noted:

1) 11tic Kolmorjorov-S.1mirnov, Anderson-Darlinj and

Crairier-von :izscritical values for the three-parameter

.aCI~IIaa a~re valid. The power study revealed that when the

null Iiyj.othesis is true all three tests achieve the claimed

level of sit.nificance.

2) The power comparison study based on the ten alter-

native distributions listed in Chapter 3 shows that in

jent,-ral thie powers in decreasingj order are W2 , A2 , and K-S.

'Yh ie A2, however is more powerful against the lognormal

distribution. All three tests dc!nonstrated low power for

sari:Ae sizes eqlual to five, indicating a coodness-of-fit

t--st; involviroj a saw~ple size of f ive using the tabled

critical values would not be practical.

icos..ei')tion.

The following recommendat ions. are sur'>jested for further

investiqjation:

1) uuvelo7) a more efficient technique to calculate

theO wa~x1irtuIi likelihood estimators for the parameters of a

(Jani.ij distribution.

2) Investigate a functional relationship between the

* saz~j~Ie sze and critical values sC) that gjoodness-of-fit

tu~ts can be done for sample sizes other than those

psented in this thesis.

47



- 3) Ixtend the goodness-of-fit test to include

parameters butween zero and one.

4) Lxamine the feasibility of developing a goodness-

of-fit test for distributions whose parameters are unknown,

based on Lhe characteristic function.

-4
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PPENDtIX A

:dj*,Of the K~om9arov-1znirnov Critical

Vcilucs for the Gaiana Distribution

I5



TABLE XIII

Kolmogorov-Smi rnov
Shape Parameter = .5

'avi)le Level of Sitjnificance

n 2 o 15 .u o5 .01

.3521 .3681 .3913 .4330 .52.17

10 .2637 .2798 .3010 .3331 .3862

15 .2249 .2365 .2514 .2804 .3317

2 0 .1967 .2077 .2225 .2457 .2941

25 .1759 .1870 .2006 .2227 .2623

3f, .1635 .173f .]A44 .2(139 .2449

TABLE' XIV

Kolmogorov-Si rnov
8 hape Parameter = 1.0

Sampie Level of Significance
,-. ~size,•-

n .20 .15 .10 .05 .01

5 .3701 .3848 .3994 .4433 .5269

BI .2651 .2788 .2958 .3267 .393J

15 .2184 .2306 .2451 .2709 .320J

.1923 .2038 .2177 .2392 .2774

25 .15,93 .1788 .191) .2113 .2520

30 .1561 •1650 .1759 .1958 .2297

53
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TAb L E XV

Kolmogorov-Smi rnov
S8hape Parameter = 1.5

aiu le Level of Significanc;
i ze.

n .20 .15 . ;,., .,'

.3333 3505 373: .4151 .4725

,i .2496 .2624 .2797 .3045 .3597

2 '6C . 21&i7 2336 . 2554 .2995

.i41 .1935 .2058 .2244 .2658

21, .1624 .1713 .1 12 .1979 .2320

3'. .1507 .1579 .1677 .1 39 .2222

TA13LE XVI

Nolmogorov-Smirnov
Shape Parameter = 2.1'

S aml P1 eLevel of Significance
Size

n .20 .15 .10 .05 .01

5 .3255 .3423 .3635 .3927 .4482

l;; .2432 .2567 .2730 .296) .3377

15 ..2885 .2105 .2235 .2464 .2845

.1748 .1838 .1976 .2157 .2480

.1591 .1671 .1773 .1943 .2264

3*1463 .1537 .164s .1793 .2099
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ITAbLE XVII

Wohno roy -Smirnov
Shape Parameter = 2.5

.Laile Level of Significance

n .20 .15 .1G, .. 01

5 .319 .3366 .3.81 .3898 .4399

37 . 037 .2483 .234 .2884 .3378

15 .1963 .2067 .2187 .2414 .2814

.1718 .18k3 .1911 .212 .2457

25 . 1552 .1636 .1738 . 1890 .2209

3,,.1417 .1483 .1584 .1730 .2023

TABLE XVIII

golI moorov-Smi rnov
Shape Parameter = 3.0,

Saiile Level ot Signiticance
-~ize

n . .15 .111 .05 .01

.3179 .3342 .3524 .3799 .4365

'2338 2449 .2595 "2829 .3282

.1939 .2041 .2172 .2352 .2751

2.1710 .1792 .189[; .2067 .2395

25 .1520 .160o .1695 .1U58 .2130

4 3(, .1411 .1478 .1573 .1711 .2026
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5 ITAIL: XIX

Kolmoyorov-Siairnov
______ Shape Parameter = 3.5

a, pLevel of Significance
n S~.ize,-

LI •2 .1-5 .lif' A _Al

5 .3161 .3317 .3508 .3769 .4314

lI .2310 .2421 .2561 .2812 .3234

15 .1923 .2001 .2127 .2326 .2724

..1695 .1775 .1884 .2059 .2403

25 .1511 .1588 .1689 .1829 .2127

310 .1382 .1452 .1543 .1684 .1992

TAiLLLE XX

Koliaogorov-Smi rnov
Lihape Parameter = 4.0

barjlu Level of Signiticance
Size

n1 .20 .15 .1. .0 1

5 .3131 .3289 .3471 .3731 .4266

lb .2308 .2416 .2567 .2792 .3267

15 .1904 .1992 .2116 .2312 .2666

2c 1, 7 .1748 . 1ir,3 .201',2 .2312

., .1505 .1570 .1466 3 .2137

.1381 .1450 .1544 .1690 .1970
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- 'TABLE XXI

Anderson-Dar Iinj
Shape Parameter = .5

Level of Significance

.20 .15 .0 .0:5 .01

5 1. 0724 1.1679 1.3135 1.62332 2.5899

-0 .9224 1.0295 1.1919 1.4375 2.2323

P, .8797 .9824 1.1258 1. 4 083 2.2116I.

2C; .87 04 .9759 1.1352 1.4831 2.1989

25 .8367 .9472 1.0963 1.3910 2.0626

3.) .8332 .9428 1.1107 1.4316 2.3048

TAbLE XXII

Anderson-Darl in
L'hape Parameter = 1.11

',',dlI},ICLevel of Significance
ize
n o.2o .15 1( lu .5 .0 l

2.0880 2.3079 2.5926 3. 0710 4.3921

.1.501 5 1.6604 1.8807 2.2980 3.496

15 1.2827 1.4396 1.6493 2.0360 2.9562

1. 1.2124 1.351, 1.54CO 1.9o38 2.7789

1.',)831 1.2147 1.31'54 1.7118 2.5678

3;' 1 0558 1.1750 1.3756 1 6C94 2.4482
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TAiLL XXIII

Anderson-Dar 1 ing
Shape Paraldeter = 1.5

Wap1I V Level of Signiiicance

r, .2i) .15 .iL .0:5 .0 1

5 .69C8 .7577 .6491 1.(!603 1. 430C,

1 kI .7104 .7d 32 .9017 1. 0120 1.5597

15 .763 .7940 .9(107 1. 1607 1.5828

2k: .7145 .79(;3 .9120 1. C',9 23 1.5715

2 .7278 .8j53 .9170 1.1332 1.5569

3! .7296 .8105 .92 G 1.1189 1.6133

TABLE XXIV

Aav-er:on-Darl inrg
Shape Parameter = 2.0

1',a, cLevel of Ligniticance
.o .15 Ic .1 1, 5.1 1 .05 .0)1

5 .6106 .6666 .7417 .8673 1.1757

10 .6265 .6940 .787w .924;1 1.2260

4 ]! .6330 .6927 .7880 .941;5 1.3451

6, .6422 .710] .8 151 5)2 1.3437

4 .5429 .7002 .7984 .967o 1.3956

3(, .,4 b .7167 .U213 .9976 1. 4,)4 ,

4 59)



TAbiLE XXV

Anderson-Darling
Shape Parameter = 2.5

Level of ,'8ignificance
i '>;i ze ,__ _ _ _ _ _ _ _ _ _ _ _ __ _ _ _ _ _ _ _ _ _ _ _ _ _

n .20 .15 .10 5 .0l

! .5700 .6261 .6964 .8324 1. 197(,

,1 •.5f",9 I G 5 C,4 .74019 .8740) 1.2080

15 .5915 .6556 .7330, .8693 1.2046

2, 1.9 .6699 .75 4 .9029 1.2276

25 .5991 .65918 .7462 .9023 1.2328

"30) .51311 .6573 .7394 .91J25 1.2614

TABLE XXVI

Anderson-Darling
Shape Parameter = 3.11

Level of Significance

.20 .15 .10 .0'J5 .I

5 .5549 .5962 .6730 .7V13 1.0634

Ii .5687 .6276 .7 056 .8415 1.1702

15 .5757 .6376 .7251 a615 1.1651

2() .5749 .636w .716" .8755 1.1499

. 25 .5708 6364 .7225 .C80 3 1.1714

K 3,) .5352 .6490 .7355 .8 28 1. 2601

K- .
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TABLE XXVII

Anderson-Darl in

Shae parawc-ter = 3.5

acl , Level of Significance

n .21, .15 .1c .05 .01

5 .5472 .5967 .6588 .7748 1.0173

il .5522 .6024 .6730 .8 u72 1.1318

15 .5577 .6209 .6942 .8081 1.115V

2o .5686 .6259 .7061 .8432 1.1503

25 .5603 .6190 .6960 .8418 1.159{1

3; .563 .6130 .6973 .8298 1.1755

TABLE XXVIII

iAnderson-Darl ing
-hape Paraw eter = 4.11

, :a .1p Level of Significance

n .20 .15 .1) .05 .01

.5293 . .,464 .7535 .9715

* i! .5475 .5996 .672 .8 1.1020

15 .5435 .6 ()6 .681( .8154 1.1036

2 G .5565 .6060 .3915 .82(44 1. 1021

25 .5557 .6124 .6998 .8425 1.2094

43; .5577 .6193 .P)7 o .8239 1.161 Ii.
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TAbLE XXIX

Cramer-von Mises

Shape Parameter = .5

i r;at1e Level of S;ijnificance
, ;ize

n .20 .15 .111 .05 .01

5 .1217 .1363 .1576 .1928 .3200

0 .1327 .1530 .1795 .2259 .3569

15 .1379 .1596 .1863 .2340 .366o

20 .1425 .1625 .1918 .2526 .3743

25 .1453 .1654 .1951 .2514 .3769

3o .1440 .1649 .1986 .256E, .4170

TABLE XXX

Cramer-von Mises
Shape Parameter = 1.0

Sarijple Level of Sigjnificance
8 ize

.20 .15 .10 .05 .01

5 .1397 .1561 .1809 .2314 .3571

.1341 .1511 .1775 .2210 .3573

15 .1310 .1490 .1738 .2112 .332 .'

90, .1316 .1484 .1748 .2220 .3327

25 .1299 .1487 .1742 .2250 .3239

31 .1319 .1501 .1757 .2228 .3415
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TABLE XXXI

Cramer-von kIises
Sha1 e Parameter = 1.5

-°titpltl Level of S;ignificance
-i ze
,V, 2 .15 .10 .05 .i

) .1092 .1210 .1390 .1741 .2363

1(, .1132 .1268 .1471 .1015 .2671

15 .1133 .1287 .1541 .1846 .2740

20 .1199 .1353 .1551 .1917 .29,2

S.1157 .1307 .1503 .1847 .2791

3.) .1171 .1324 .152 .1870 .2872

riBLE XXXII

Cramer-von mises
Shape Parameter = 2.0

p a e Level of Significance
S i ze

n .20 .15 .10 .115 .01

5 .10I7 .1118 .1261 .1A81 .2096

.1 i45 .1160 .1336 .1620 .222F3

15 .104C .1154 .1325 .1627 .2409

2C; .1055 .1169 .1355 . I([86 .2404

25 .1051 .1174 .135r .1695 .2481

,..36) .1077 .1220 .1415 •1739 .25901
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'l'TAtOl" XXAIII

Cramler-von i A1'L s
.(;hiat.e Iyar ajeter = 2.5

i ;al, pLe I.evel of ,ijnificance

.2o .15 .1 .15 .01

5 .095,3 . D153 .1187 .1432 .19 (;j

. . l1j3 .1263 1522 .2194

109013 .1100 .1261 .1531 .2217

2 . 1) 91 .1097 .1256 .1531 .2207

-.21979 •1099 .1277 .1547 .22.19

-7 3i .1091 .1255 .1543 .2237

TABLIE XXXIV

Cramer-von Njises
;hape Parameter = 3.r,

,e Level of Significance

n .20 .15 .i .05 .01

9 .927 •1011 .1145 •1367 .898

o 4 •09 .1042 .12.0 .1441 .2052

15 .0l954 .1075 .1234 .1501 .2085

S'942 .1057 .1214 .i514 .2,1(1

25 .(,()35 .1050 .12-24 1524 .2137

3.9,957 1'b1 .1247 .1521 22 6
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TABLE XXXV

Cramer-von Mises
,hape Parameter = 3.b

;a!,,iple Level of ,;inificance

n .21 .15 .10 0 5 0 1

5 .,919 .1009 .1127 .1341 .1827

10 .0914 .1006 .1149 .1396 .2007

15 .0925 .1032 .1172 .1418 .2002

21 .0939 .Iu51 .1203 .1473 .2112

25 .0920 ."1134 .1139 .1447 •2115

3; .926 .1024 .117(; .1416 .2056

TAHLL XXXVI

Cramer-von Nises

Shape Parameter = 4.0

::J:;aplu Level of Significance

•21 .15 •10 .0 5 il1

.0839 .0968 .11 V9 .1295 .1763

12 .8906 . 102 .1150 .1391. .1974

15 .915 .1F12 •1152 •1396 .1967

2'. .0908 . 115 .1151 .1424 .1959

2, .916 1021 .1182 .1433 .2110

0- - 3. .092 .10 19 .1178 .1431 .205c

r..,
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SHAPE VS CRITICAL VALUES
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SHAPE VS CRITICAL VALUES
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SHAPE VS CRITICAL VALUES

GA MMRi

C)

0)

-4c

LU

CD

CD

4-

FIG38.~Iaf' v~h 2 Critical values;, Level = ~,n lo1(

1oci



No-.

SHAPE VS CRITICAL VALUES

GAMMA

cJ

LEVEL'. O N=15

C)

0

U

>0 

C-- to

0

| '-4°

,U).

0

--

b.0oo 1.00 2.00 3.00 4.00
SHAPE PRRHMETER

Ll

'I C; 3'. -v; CW Critical Valut:s, LaveI .t'I, n = n ')

101
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U SHAPE VS CRITICAIL VALUES
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GAMMA

. LEVEL=.05 N=5

C)

0

C

(-j

cc

C)

>0

_.

I-~

-o

0

00O0 1'.O0 2.00 3 . 0 4 . 0

SHRPE PARRMETER

kI(; 43. L-'-we v A Critical Values, Level .05, n 5

10
• q 1 5



SHAPE VS CRITICRL VALUES

GAtMMA

LEVEL=.05 N=10

(cm

-LJ

CC
>0 

to

C)

'b.o .0 .03.040

SHP PRMEE

FI .,aev . rtia0a~s ee (5



- - - - - - -- - - - - - - - - ..
74.

SHAPE VS CRITICAL VALUES

LEVEL=.05 N=15

N

LuJ

-E

>0

":

C)

I-

0

w

cb o 1.00 2.00 3.00 4.00
SHRPE PRRRMEIER

iii~~~~ *). .ii v z-critical Value~s, Le VO1 il-, n 15

107



SHAPE VS CRITICAL VALUES
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U SHAPE VS CRITICAL VALUES
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SHAPE VS CRITICAL VALUES
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SHAPE VS CRITICAL VALUES
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SHAPE VS CRITICAL VALUES
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SHAWPE VS CRITICAL VALUES
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SHAPE VS CRITICAL VALUES
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SHAPE VS CRITICAL VALUES
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SHAPE VS CRITICAL VALUES
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SHAPE VS CRITICAL VALUES
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SHAPE VS CRITICAL VALUES
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~PROGRAM AD

C

C *THIS PROGRAM GENERATES rHE 4OOIFIED A-D STATISTICS
C o5000 RIPS *

C THE TABLES GENERATED ARE VALID FOR THE GAMMA DISTRIBUTION a

C ft = SAMPLE SIZE : 5%(5)930
C IsSSz 0 IF SCALE PAKAMETER (THETA) IS KNOWN a
C *SS1 = 1 IF THETA IS TO HE ESTIqATEDO
C oSS2 = 0 IF SHAPE PARAMETER (K) IS KNOWN
C *SS2 = 1 IF K IS TO UE ESTIMATED a
C eSS3 = 0 IF LOCATION (C) IS KNOWN
C *SS3 I IF C IS TO BE ESTINATED
C eCl = INITIAL ESTIMATE OF C (OR KNOWN VALUE) a
C eTl z INITIAL ESTIMATE OF THETA (OR KNOwN VALUE)
C *A= INITIAL ESTIMATE OF ALPHA (OR KNOWN VALUE)

COMNON/VALUE/P(100)
COMMON/RAY/T(100)
COMMON/MANA/NSSI*SS2.SS3,NwCer tI o1NR
DOUbLE PRECISION OSEEDoToCloTLeAI
DIMENSION FX(6bO)AA(50001XK(002)oY¥T(5002) 6(50)
INTEGER REP9PP
OSEED=150 00.000
MR-O

NONE :0
NZERO=O
REPzbO02
NDS=REP-2
NUMZREP-2

C
C
C &CALCULATES 5000 PLOTTING POSITIDNL. ON INTERVAL (0911 At (I-053/N
C sTtwESE ARE USED FOR INTERPOLATIONS ON PERCENTILES
C

VYI REP):I.
00 405 L=2oREP-l

VTY(L):( (L-1l-.51/NOS

405 CONTINUE
C 6END OF PLOTTING POSITIONS R3UTINE

READ AO#,SSS2. SS .53*CT rl*At
PRINTavSSl#SS2pSS39ClvTloA1
PRINT*
PRINT
Ph~INTO
PR.NTt(2XA.F5 .1et'SHAPEz:9Al
PkINT9(2X9A)9 so ----------- 8
PRINT*

C *SAMPLE SIZE ASSIGNED HERE
00 100 PP:15025
N:PP
M:N

C *LOOP FOR MONTE CARLO SIMULATION STARTS HERE
00 99 KK:=15000
CALL GGAMR(OSEEOAlNeGP)
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*~0 119 coKri 9N

CALL VSRTA(PNl
00 3 11=19N

3 CONTINUE
CALL GAMMA(tCSJ rSJASJ)

C *CALCULATES LST[MATEO FIX) FOR~ EACH SAMPLE POINT
00 335 Lzloh
M=IPIL)-CSJI/TSJ
XI=ASJ
CALL MDGANME9I9PRO8gIER)
FXtL I=PROB
IF(FX(L).EQ.Go)T1IEN
FX IL 5-F N LP*. . 01
NZERU=#ZERO.1
END IF
IFIFX(L).EQ.L.)THEN
FX4L 3:FX(LI-.OO01
NONdE NONE.1
END if

333 CONTINUE
MA 0:0.
XN=N
00 500 1=19N
11:1
MAD=WAD.12.eXI-l.).(LOGIFK(I )3*L06(l.-FX(N*1-I5)I

500 CONTINUE
MAD=I-MAD/xkd-Xk
AAtKK):UAO

99 CONTINUE
CALL VSRTAIAA,50001
00 400 L:1,REP-2

400 CONTINUE
CALL ENDPTIXoVVREPgNUN)

C
C *PAINTS, PERCENTILES
C

PRINTl(2XA,12)lv9FOR N = 0PP
PRINT9(2X9A)990 ----------
PR INTs
00 410 J=8099595
DO 420 11=1.REP
I=REP*1- II
IFEVYtl ) LT. (J/100.O3 ITHEN

ZZ=-SLOPE*XX(I I.VVII)
PRlNTt(2X9A, 12jA#F9oW9'

19THE*,JoIT PERtCENTILE IS',
24(J/100. )-ZZ)/iSLOPE
PRINT*
GO TO 410
ENO If

420 CONTINUE
410 CONTINUE

10G2



00 430 AK=19REP
K=REPOI-AK
IFITTIC) .LT. .99)TIEN

60 TO 999
END IF

430 CONT INUE

Liz- SLOP a EXt K) ( K)
PR INT* (2 XA, f9.4)

IOTHE 99TH PERCENTILE IS2,
24.99-ZZI/SLOPE
PRtIN T*
PRINra
PR INT&
PRINT*

100 CONTINUE
PR INTO (2X9F9o* 94v~44XF.) qCSJqTSqJvASJ
Elio

C
C
C
C 0SUBROUTINE TO EVALUATE ENDPOImrs
C
C
C

SUBROUTINE ENDPT(XXYYREPvNUHI
INTEGER REP
DIMENSION XX4REP),TY(REP)
SLOPE=(VY(2)-VY(3) )/CKX(2)-XXIS)
a3zlY(2)-SLOPE*XX(2)
Viz-el SLOPE
IF(VI.LT*Q*)THEN

VI:O.
END If

SLOPE:CYIINUMI-VV(NUM*ib)I(XX(NUN)-XE(WtUN,1))
B1i:VT(NUH)-SLOPEBeXINUM)
V2=(I.-01)/SLOPE
XX4REP)=V2
RETURN
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PROGRAM PIOGGI 74/i, OPT"- FTN 5*1*52g

PROGRAM 110G61

C THIS PROGRAM GE1dCRATES A POW7q STUDY BETWErk THE FOLLOdINGv'
C KS.CRAMII_ VON-MIStS, A4O7_RS0N-4ALINGv AND CI-SQUARE STAf
C 5000 REP"
C THIS POWER STUDY IS VALID FOR rTH GAMMA DISTRIBUTION
C N =SAMPLE SIZE z25 TC SSE:O IF SCALE PARAMETER TH-T IS KNOWN
C SS1:1 IF THETA IS TO BE ESTIMATED 4
C SS2=O IF SHAPE (9) IS KNOUVd
C SS2=1 IF IKI I-S TO BE ESTIMATE)
C SS3=0 IF LOCATION (C) IS KNOWNd
C -SS3zl IF C IS TO BE ESTIMATED
C CI=INIFIAL ESTIMATE OF C (OR KVOMN V4LUE)'
C ' TI:INITIAL ESTIMATE OF THETA ()A K14OWN VALUE)
C AIzINITIAL ESTIMATE OF 9 (OR KIDUN VALUED
C s* 1U *t 4. k~ a 0. 6 ,~ a &

COMMON/VALUE /P(100 I
CDMHON/RATIT(1001
COMMON/MANA/)..SSI.SS2,SS3,MC1,TlA1.mq
DIMENSIONe FX(601.@FIX (60),

2AAWdCVM(SOOOI .AAhA(50001,AAKS(j000)
DOUBLE PRECISIOV OSEED*T#:1,rIAI
INTEGER PP
OSEED:25000. ODD
HR=0
RWCVM:O0.
RWKS=O.

NONE :0
710 CONTINUE.

READ eSSI*SS529SS3*CI ,TlAI
PRINT' .SSESS2.SS3*C1,TI*Al
PRINT
PRIN~tk
PRINT
PRINT*42XvAvF5.I1 ' .SHAPE~' ,I1
PRINiT9(2X9Al* to--------------------
PRINT-

kPPI

M=Nd
DO 99 KK=195OOO
CALL 6GNLG(OSEED.N*D.,1.,3#
DO 719 IKZ1,N
P(IKI=1. P4LKI*10.

4 119 CONTINU.
CALL VSRTA(PoNl
D0 3 XJ=ION
7(IiI:P( IjI

3 CONT INUE
CALL GAMMA4CSJTSJvASJi)
DO AS Lz1,N

U:(T(Ll-CSJl/TSJ



PROGRAM P10561 74/74 OPrag FTM 5.1*52B

XX:ASJ
CALL MOGAM(U.XX*PROBIbIR)
FX(LI=PROB
FIX( Li :F I(Lb
IF (FIXtLO.iQ.O. ITHEN
FIX(L=F IXtL)*.oO01

END IF
IF(FIX(L I .o.. to I THEN
FIX(LlzFIX(L)-.0001
NONE=NtON.* 1

TOP: 0.
BOTz0.
DO 500 I119

RL =
IF(RL/XN-FIX(Jb *GT. TOP$ TOPzRLIKN-FIX(I)

UCVM=UCWH.(FX(Il-(2* Xl-?.olf(2* XNIS 2

500 CONTINUE

IFSBOT *GT. OIFlOIF=BOT
IKS=DIF

AAKS (KICIOF
IF(WKS &GT* *27)!lRKSRiISe1.
MCWM=WCVP41. i(12.,XNI
AAMCVM(KK i=WCVM
IF(MCvM .GT. *1391)RWCVNRICVIO1*
WAD=4-UA D/XNI-XN
AAWAO(KK I:UAO
IFIMAD *GT*.803IP RWiAD:RWADe1

99 CONTINUE'
CALL VSRTA(AAKS,50000
CALL VSRTA(AAWCVM950001
CALL VSRIAAuA3#5O0Oi
PRINr.
PRINT- 9*NZEROZ ',NZERO
PRINT*#INON-= *vNONE
PRI[NT
PRINT. ,'SANPLE SIZE z 09PP
PRINT
PRINT
PRINTb is*TOTAL RrJECTION 2 FOR I-Sz ',RWKS/5000

* PRINT'
PRINT-91TOrAL REJECTION I FOR JCVR= foRWCVM/500A
PRINT
PRIN to 99TOTAL RZrJEC TION I FOR d43= *,RWA3/5004
PR INT
PRINT
PRlkT'(2XF9.4tAXF'i*iAKF9.AI'CSJTSJASJ

*~ ENO



C
C
C *SUBROUTINE GAMMA CALCULATES MLE PARAMETERS
C
C

SUBROUTINE GAMMA(CS.,,TSJASJ)
COMMON /kAY/T(100)
COMMNI/NtA/t4,SS1,)2.SS3,M.C1.TlA,MNi
DOUBLE PRECISION TvCTtIErAALPlA9OLT9DLA9 ALOLC.CETHvEftENELNM
DOUBLE PRECISIONM EMrkEI D2TOrD2A.OA,02CDCENSGAMGMAGAMT ,BMAI
DOUBLE PRECISION GMA12,OEXP.DABSDLOGSLDGD6I ,06[2.SRS1.DGAN
DOUBLE PRECISION DGANqIELCS~,TSJASJoC1 ,T1,A1,OSEEO
DIMENSION C(110Q),TWETA(jI00),ALPHA(11Q0)
DIMENSION OLT(t0) ,OLA(505 ,AL(501,OLC(5O),CE(50)T4(5O5
Ji:20

THETAC 15 T1
ALPHAE 1)=AU

9 EN=N
EM=M

86 ELhM=0.0
EMR=MR
MRP=MR .1

al NMNNH.
DO 88 I:NMN

as ELNN=ELNN*DLOGCEID
IF'CMR)669899109

109 DO 110 I11"

110 ELhM:ELMM-OLOGCEIS
89 DO 63 J191100

IF (J-11 66,112,111
III 5j:jj-l

If IJ-JI)6,139,139
139 IF (J/J"-.JJ/JH)6,6,111I
11 .12zJ-2

J33J-3
IFCSSI1 1 15119,118

11R O2T=THETA(JJ5-2.0O.THETA(J2,.T1ErALJ3I
OT:THETA(JJ1-rTETAJ2
IF 102T)135*119,135

135 NT=DABSCDT/O2T)
60 TO 120

119 NT=999999
120 IF (SS2)122,1229121
121 02A=ALPNA(JJJ-2.D0eALPHA(J2).ALPNALJ3)

DA=ALPtIAC4J)-ALPHA(j.25
:F 402A)1369,12291316

136 hAzOABSIOA/02A)
GO TO 123

4122 NA:999999
123 IF (SS3)12591259124
124 D2C=C(JJ1-2.iUO*.2)CJ31

OCzC iJj -C (J2)
IF (CLJJ55.D-5T(15)140v~I252

1



SUBROUTINE GAMNA 74114 OPT=i FTN 5.1.520

140 IF (C(JJ)-5eD-5J125vI259l11

137 hCzOABS(OC/02C1
GO TO 126

125 ft.Cz,1*j991
126 ftS=2*MIN0(tdTvNANCI

IFtNS5fi68,12

138 ENS=NS
IF CSSI)12791279128

127 THETA(%§)=THETACJJ)
60 TO 129

128 TICA(J)zTHtTA(JJ)*(OT..25D0e(--iS.1.DOQID2TBE4S
THETA(J) :DNAXI(THfTAC.J),1.D-4)

125 IF CSS2)1.3091309131
130 ALPHACJI:ALPHA(JJfl

GO TO 132
131 ALPHA(J) =ALPHA(JJ3.(OA..25DO .(EM4S..O)a02A3.[NS

ALPHA(J) :OMAXl(ALPgjA4JJ,1.O-4I
132 If (SS3)1.3,1339134
133 C(J)=C(JJ3

6O TO 112
134 C(J)zC~jjfl(DC..25D00.ENS.1.D03aO2C)eENS

C(J)=ONAXI £C(J).0*DQ)
C(J)=DON1(J)9TC 1 )
IF (1.O0-EMR)*C(J)-T(l))112,&6

6 THETA(.fl=:THETA J)
~i. IF iSS1113913,7

7 SI:0.00
00 8 I=MRPgN

a S1=S1*TCt),-C(JJb
IF IN-N.IIR)6697S,74

73 TNETA(J)=S1/4EN&ALPHA(JJf)J
so TO 13

74 6MA=GAM(ALPA(.iJ))
KS Z0
DO 108 K=1950
KKZK-I
GNAI:GAMIC(T (m)-C(JJ)bITHETA(J,ALPHA(J~J)
SNMA2GAN(T(iP)-C(JJ)/rlEr?.(j.ALPHA(JJII
OLT(K)=-ENALPH1A(JJI/THETA(J).Sl/(THETA(Jle.2).(EN-EN).(T(M)-C(jjb

1 3e.ALPM4A(JJ) o(EXP((C(JJ)-T(Pq) )/jETA(J))I(THETA(J)..(AL0,1A(JJ)*..u
20)3.GNA-GH4A1.JEH.ALPHAJJ/THErAJ-EMe*(TrMP-C(JJO)a.AL'tiA.J

A 6EP(CJ-~oR)/HTCJ/(p~~~e(LHAJI10)GA2

Th4dKI=TN( VA(J)
If COLI(K))11 .15102

101 KSZKS.-1
IF (CSPK)10591039105

102 KS=KS~l
ZF(KS-KJ 105,104i,1O5

103 ThCTA(J)z.5D0&TNt(K)
46 OTO lob

104 THETA(J)=I.50.TeI(K1
GO TO lob

105 IF fOLT(K)*DLT(KK)Jl1913v16
108 KKK-

60 TO 105
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SUBROUTINE GAANA 14/14 OPIZ0 FYN 5.1*524

107 TiEA(J)=TH(K).OLT(c).(THIK)-rH(KK )I(OLTCKK)-W.TEK)$
IF £DABS(rHErA(J3-Tgl(KII-tD-4)13.13.1a5

106 CONTINUE
13 ALPHAJI=ALPhA(JJ)
14 If £SS2)44#44v15
15 SL=0.DO

DO 16 ImMRPN
16 SL:SL*OLOG(TCI)-C(JJbI

KS=O
DO 43 K=1950
IK KK-1
GMA: GARICAL PHA CJI b
IF £N-N.D4R)66.30921

21 GNAI=GANIC CTCMb-CIJJb)/TiETAI(J),ALPHACJ))
6NA12=GANI C(TCMqP)-CC(JJl)/TI4ErA(J) ,ALP"A(.J35

30 DG=DGANtALPHACJJ)
76 IFCN-PN.MR)66,71,v32
71 DLACK1:-EN.DLOG(THETA(J)).SL-E4*G.O/G"A

60 TO IS
32 DGZ:OGAMII(T(N)-cCJJ))/TIIETA(J),ALPHA(JJ)

0612:DGANI CCII NRP)-C(JJ))/TIETA(J ,ALPHA(J))
31 DLACK)=-EN.OLOGCTI1EIACJ)).SL-EN.O6/GNA.CEN-EN).(D-DGIlI/G6NA-GNAII

1.ENR*DLOG(1I4ETACJ) 5.ENR*DG12/6qAI2
78 ALtKI=ALP1A(Jl

IF CDLAIK))35,944,40
39 KS=KS-1

IF IKS*KblO.4lglIO
40 KS=KS*1
40 IF (KS-K)70942*70

41 ALPHA(J)=.5O~obALlK)
GO TO 43

42 ALPHACJ)=1.50.AL(KI
* 60 TO 43

to IF (OLACK)&DLA(KK)172,44l1
it KK:KK-1

60 TO 70
72 ALPHA(J)=ALCKI.OLACK).(AL(K)-ALK) I(DLACKKI-OLAIK)I

7. IF IOABS(ALPhACJ)-ALCK)3-1.0-43444,43
43 CONTINUE
44 C(JI:CCJJfl
85 IF CSS31112,L12945
45 IF 41*D0-ALPIIA(J))799143vI43
143 IF (SS1*SS2)b1,57qI9
1s IF £N.-N)66.bJv46
46 GNA=GAN ALPIIAIJI)
63 KS=0

00 56 K=1954
KK:K-1
SR :0 * D
00 69 I:NRPIN

6 9 SftSR.D.0(TfI[-CJI))
IF (N-N*NR)66,80981

so DLC(K):C1.DO-ALPhAC(J)O*SR.ENItNiETA(JI
60 TO 82

$1. 6NAZ:GAMIC(UCNM)-CCJI)/ThETA(J)@ALPiACJ)
GHA12=GAHICfV(MRP)-C(J))/TIETAJ)ALPIACJ)I
DLCCK3:C 1.DO-ALPNIA(5) 1SR*CCn-rnq)/THETACJ).(EN-EN3.ItTIN5-C(J))s.(



SUBROUTINE GHMA 14174 OPT=O FYN s.t*3a,

IALPIIA(J)-l.DO EX((TM-CJ)/HTAJ)/(THETA(J)eeALPH4A(J'(I
2A-GNAIb)-ECN&aT(MRP)-C(J))ae(AL~bNA(JI-1.00).OEXP(-(T(NAPI-C~j3)/TNq
3ETA(J)3IOCrHETA(J5..ALPIA(J)e6qAI23

82 CE(K)=C(J)
51 IF IDLC(K)1909112#91

* 90 KS=K,"-
IF (KS*K)54,52954

152 IF(C(J)CLoC () -1D)121,6

53 CONTINUE(K*50(()C(
60 TO 112

112 IF (DLCKI oLC(X))fT91295

113 O 15 I1

66 IF (DBC(J )-C(1.GI*-4-TIb16 111129

56 IFCONINUE,5
60 T1O 112

S1ZS1.)Ttl3-(J

L2 IF(NMRA 66139

IF (NA JI*AeO ((T(N)-C(JII/rI4(JAPIA(

16 If tN-N)668 O0,9

108 SZC(I)C)

GAJAALPHA(J )
IF (-*)660,60~f

6 IF (DAMS(C(-C(J))1.D-A(J~1,61 .63
61 F A=G ~AMI(RI-C(J))TA~HETA.oIALPHACJII

628 I ELDENaS(A*LHAIJ)-PHAJJ))-L.DO(TE)4,)*ALHAJ,630b

IF6 REUNMN)6109
99 EL=LND E)(DO(H-MI)DO(N

5-NeL"C~DLG~EAJ)EtkDO(1A2

100I (SJ= .i



FUNCTION GAN TIq OS FYN 5*1+524

C
DOUBLE PRECISION FUNCTION. GAHM

* DOUBLE PRECISION G#Z#DLOGOEXP*1

I IF (Z-9*001292,3
2 GzG-DLOG(Z)

GO TO I
3 GAM=G(Z-.500)aDLO(Z)-Z..5OO'3, 06(2. 0a3.Il I5926535897 iBOI*1.0OI

6AM0(EXP(GAM)
RETURN
END

FUNCTION 064H 74/74 OPTZS FIN 5.1*52i

DOUOLE PRECISION FUNCTION OBA4CI)
DOUBLE PRECISION D6.L,1,OLOSBAN

I IF tZ-9*DO)2t2e3

2 0:061.001

so T0 1
3 06AN:O6.(Z-.5OO)IZ.0L06(z1-I .DO-1*1.D/(I2oDO*l..2I.1.O0/(120.080?*4

I )-3.00/(252.00eZ*'6).1.32/(200.00aa8 -I.00l(132.00.Za. 101
2 *691.O0/( 32760.DO.ZO*12)-l.0I(12.0Q.Ze'14)
VGAN:OGANO6AH(TI
RETURN

FUNCTION OGAMI 740/74 OPT:0YN51*2

DOUBLE PRECISION FUNCTION OBAMI(WZ)
DOUBLE PRECISION uV#UZqSUqELL
DIMENSION Ut5O)#V(50)

W(1b=W&Z/Z&&2
SUzU(11-Vt1J
DO 1 1:2950
LL:1-1
ELL=LL
U(C):(..ULLROUELL&(ZELL-t.D 3)I(Z.ELLI

I SU=Z;U* UI L I-V IL I
DGAMIZSU
AE TUAN
END

17 Cl



UFUNeTION GAHI i7/1y oprI0 FYN Sol*S24

DOUBLE PRECISION FUNCTION GANICM.ZI
DOUBLE PRECISION U9UgZvSU.ELL
DIMENSION Uttla)

SU:U91 5
DO 1 L=2950
LL:L-1
ELL: LL
UIL):(-U(LL)/ELLS eU.(Z.ELL-t.03 5I(Z*ELLI

I SU=SU*U(L)
GAII :SU
RtETURN
E ND
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